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Any graph imbedded on the Klein Bottle has a chromatic number of at most 6. Here we 
show that if the graph has no triangles, then its chromatic number is at most 4. The results for 
arbitrary girth are also included, 2s well as graphs which show all but one of these bounds to be 
best possible. These bounds are then extended to the real projective plane. 
1. Introduction 
The least number of colors necessary to color the vertices of a graph G so that 
adjacent vertices are colored differently is the chromatic number of G and 
denoted x(G). The Four Color Theorem insures us that the chromatic number of 
a graph imbedded in the sphere is at most 4. The girth g(G) of a graph G is the 
length of the smallest cycle in G. The upper bounds for x(G) can be decreased by 
increasing (G). A summary of the known results concerning the bounds of x(G) 
taking into account g(G) for planar and toroidal graphs can be found in [5, pp. 
114-1171. This includes Grotzsch’s theorem for the plane which states that any 
planar graph G with g(G) 2 4 has x(G) d 3. Also included is the following 
theorem concerning toroidal graphs due to Kronk and White [3]. 




Furthermore, all bounds are sharp except possibly for m = 5. 
TO say that the bound is sharp we mean that a graph has been found which 
attains this bound. Here we prove the corresponding theorems for the Klein 
Bottle and then extend the results to the real projective plane. The Klein Bottle 
will be denoted by A$ and the real projective plane by I$. Note that in Theorem 
A the sharpness of the bound for g(G) = 5 is not determined; that is, no toroidal 
graph has been found of girth 5 and chromatic number 4. It turns out that we 
were not able to handle this case for IV1 or IV2 either. 
An important relation between surfaces and graphs is the generalized Euler 
Polyhedral formula (see [4]). To apply this result we need to consider graphs 
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which are 2-celled imbedded. A graph is 2-cell imbedded if each region of the 
graph is homeomorphic to a 2-cell. We are concerned with the formula which 
applies to non-orientable surfaces. 
Theorem B. If G is 2-celled imbedded in a non-orientable surface of genus n, then 
2 - n = p - q + r, where p, q, and r denote, respectively, the number of vertices, 
edges, and regions of G. 
One fmal definition of interest is that of non-orientable genus. A graph G has 
non-orientable genus k, p(G) = k, if G can be imbedded in Nk but not in Nk-i, 
where Nk denotes the non-orientable surface of genus k. A disturbing fact about 
non-orientable surfaces is that for G with y(G) = k imbedded in Nk, the 
imbedding need not be 2-cell. The corresponding result for orientable surfaces is 
valid. This is discussed in more detail by White [S, pp. 177-1791. 
Finally, we need the result by Dirac [l] which connects a graph’s tructure with 
its chromatic number. This result uses t\ie idea of an n-edge critical graph. A 
graph G is n-edge critical if x(G) = n, but x(G - e) = n - I, where G - e is just G 
with any edge e deleted. 
Theorem C. If G is n-edge critical, n 2 4, and G is not the complete graph K,,, 
then 2q > (n - 1)p + n - 3. 
2. Main result 
Now we are prepared to pro,, U VP 9 J-color thm-wom fn+ rw-nhc l2 ww~l~ L**Y”*“.*. .“I b’“p.0 u ji C 1 G z 3. h9 
i.e. we consider graphs which can be imbedded in N2, but not in N1. 
Theorem 1. If T(G) = 2 and g(G) 2 4, then x(G) s 4. 
Proof. Assume that n = x(G) a 5 and that G is n-edge critical. Since g(G) a 4, G 
is not a complete graph, so by Theorem C 
(2 1) . 
Now suppose that G has a 2-cell imbedding in Nz. It follows that each edge of G 
is a side to exactly 2 regions, and by summing up the sides in each region we get 
that 
2qa4r (2 2) . 
Since G is 2-cell imbedded in N2, we can apply Theorem B to get 
(4 - 1) 1 
O=p-q+rs~-q+;=-a. (I?. 3) 
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Clearly this a contradiction so that for n-edge critical graphs G, 2-cell imbedded 
in A$ with t(G) = 2 and g(G) 3 4, it must be that x(G) < 4. 
Now, if G did not have a 2-cell imbedding in N2, then by the result concerning 
minimal imbeddings of graphs due to Youngs [6, p. 3091, we know that G can be 
imbedded in a surface of equal or higher Euler Characteristic. The only such 
surfaces are the torus, sphere and N1. We need not consider the sphere or N1 
since this would imply that p(G) = 1. Thus we are left to consider G which can be 
imbedded in the torus. Here we simply apply Theorem A to see that x(G) < 4. 
Finally, if G is not n-edge critical, then it contains a subgraph H which is, and 
of course x(G) =x(H). If a(H) =2, then the above GFplies. If not, then 
p(H) = 1. For H with a 2-cell imbedding in N,, Eq. (2.3) becomes 1 =p - 4 + 
r- < - 4, again a contradiction. If the imbedding in A?i is not 2-cell, then H can be 
imbedded on the sphere and we resort to Grotzsch’s theorem. 
In order to show that this bound can not be improved we must find a graph 
with v(G) = 2, g(G) a 4, and x(G) = 4. In order to find such a graph, we first 
imbed in ZVZ the non-projective graph B1, which can be found in the complete list 
of non-projective graphs compiled by Grover et al. [2, p. 3401. By adding edges 
and vertices we end up with a graph which has girth 4 and has Grotzsch’s graph as 
a subgraph. The resulting graph is shown in Fig. 1. Since Grotzsch’s graph has 
x(G) = 4, we have shown that the bound is best possible. Cl 
Fig. 1. 
3. Extensions for arbitrary girth 
By requiring G imbedded in N2 to have g(G) 2 6, we find that x(G) s 3. This 
can be shown by the same procedure as above with the following changes. We 
assume that x(G) 2 4, so that Eq. (2.1) becomes 
2qa3p+l. (2. w 
Since g(G) > 6, we get 2q 3 6r for Eq. (2.2). The contradiction again arises in 
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3 3 (23a)) 
The cases for G not n-edge critical and not 2-cell imbedded follow similarly. 
Therefore, for g(G) a6, x(G) s 3. Again we resort to [2] to find a non- 
projective graph. We choose A2 [2, p. 3401 and by a trivial subdivision we arrive 
at the graph in Fig. 2. Add the indicated vertices to vary the girth, and notice that 
the resulting graph in each case will always have an odd cycle so that x(G) = 3. 
Hence, since ?(A*) = 2, this bound is sharp. 
Fig. 2. 
We know from Theorem 1 that for g(G) = 5, x(G) s 4, and from Fig. 2 we can 
deduce that x(G) a 3. Thus the bound for this girth is either 3 or 4, but 
unfortunately this case remains unsolved. These results can be summed up in the 
following theorem. 
Theorem 2. If v(G) = 2, and g(G) = m, then 
6, ifm=3, 
x(G)=~4, ifm =4or 5, 
3, ifma6. 
Moreover, all bound& are sharp except possibly for m = 5. 
Fig. 3. 
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The bound for m = 3, was set by Franklin in 1934 and is sharp, as shown by the 
graph in Fig. 3 which has K6 and the non-projective graph BI as subgraphs. 
4. Extension to Nl 
We note that any graph G with y(G) = 1 can be imbedded in N2. Also, we can 
find a graph H which has F(H) = 2 and contains G as a subgraph. Certainly 
Theorem 2 applies to H and thus it also applies to G. Therefore we can conclude 
that the bounds in Theorem 2 apply to graphs with v(G) = 1. Hence we have: 




Moreover, all bounds are sharp except possibly for m = 5. 
The complete gzsph &, imbedded in IV1 makes the bound for m = 3 sharp. (See 
[5, p. 1081). The bound for m = 4 is sharpened by imbedding the Grotzsch graph 
in A$. As before the case for m = 5 is unsolved. However, we can see that the 
bound for x(G) is at least 3 for graphs with g(G) 2 5 by adding the indicated 
vertices to the graph in Fig. 4. 
Fig. 4. 
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